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Wave reflection and transmission at interfaces
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Normal incidence – analogy with transmission line
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Normal incidence wave reflection/transmission
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Wave reflection/transmission

2 media are lossless, homogeneous, dielectrics

�𝐸𝐸 
𝑖𝑖 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0

𝑖𝑖 𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 �𝐻𝐻 
𝑖𝑖 𝑧𝑧 = 𝑧̂𝑧 ×

�𝐸𝐸 
𝑖𝑖

𝜂𝜂1
=
�𝑦𝑦𝐸𝐸 0

𝑖𝑖 

𝜂𝜂1
𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧Incident wave:

Reflected wave: �𝐸𝐸 
𝑟𝑟 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0

𝑟𝑟 𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧 �𝐻𝐻 
𝑟𝑟 𝑧𝑧 = (−𝑧̂𝑧) ×

�𝐸𝐸 
𝑟𝑟

𝜂𝜂1
=
−�𝑦𝑦𝐸𝐸 0

𝑟𝑟 

𝜂𝜂1
𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧

Transmitted wave: �𝐸𝐸 
𝑡𝑡 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0

𝑡𝑡 𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧 �𝐻𝐻 
𝑡𝑡 𝑧𝑧 = 𝑧̂𝑧 ×

�𝐸𝐸 
𝑡𝑡(𝑧𝑧)
𝜂𝜂2

=
�𝑦𝑦𝐸𝐸 0

𝑡𝑡 

𝜂𝜂2
𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧

𝐸𝐸 0
𝑖𝑖 ,𝐸𝐸 0

𝑟𝑟 ,𝐸𝐸 0
𝑡𝑡 → amplitudes

𝑘𝑘1 = 𝜔𝜔 𝜇𝜇1𝜖𝜖1 𝑘𝑘2 = 𝜔𝜔 𝜇𝜇2𝜖𝜖2

𝜂𝜂1 =
μ1
ϵ1

𝜂𝜂2 =
μ2
ϵ2
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Apply boundary conditions at z = 0

Medium 1 Incident + Reflected

�𝐸𝐸1 𝑧𝑧 = �𝐸𝐸 
𝑖𝑖 𝑧𝑧 + �𝐸𝐸 

𝑟𝑟 𝑧𝑧
�𝐸𝐸1 𝑧𝑧 = �𝑥𝑥(𝐸𝐸 0

𝑖𝑖 𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 + 𝐸𝐸 0
𝑟𝑟 𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧)

�𝐻𝐻1 𝑧𝑧 = �𝐻𝐻 
𝑖𝑖 𝑧𝑧 + �𝐻𝐻 

𝑟𝑟 𝑧𝑧

�𝐻𝐻1 𝑧𝑧 = �𝑦𝑦 1
𝜂𝜂1

(𝐸𝐸 0
𝑖𝑖 𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 − 𝐸𝐸 0

𝑟𝑟 𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧)

Medium 2 Transmitted

�𝐸𝐸2 𝑧𝑧 = �𝐸𝐸 
𝑡𝑡 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0

𝑡𝑡 𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧

�𝐻𝐻2 𝑧𝑧 = �𝐻𝐻 
𝑡𝑡 𝑧𝑧 =

�𝑦𝑦𝐸𝐸 0
𝑡𝑡 

𝜂𝜂2
𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧

Boundary conditions at z = 0: Tangential components of E, H continuous

�𝐸𝐸1 0 = �𝐸𝐸2 0  → 𝐸𝐸 0
𝑖𝑖 + 𝐸𝐸 0

𝑟𝑟 = 𝐸𝐸 0
𝑡𝑡 

�𝐻𝐻1 0 = �𝐻𝐻2 0  →
𝐸𝐸 0
𝑖𝑖 

𝜂𝜂1
−
𝐸𝐸 0
𝑟𝑟 

𝜂𝜂1
=
𝐸𝐸 0
𝑡𝑡 

𝜂𝜂2

𝐸𝐸 0
𝑟𝑟 =

𝜂𝜂2 − 𝜂𝜂1
𝜂𝜂2 + 𝜂𝜂1

𝐸𝐸 0
𝑖𝑖 = Γ𝐸𝐸 0

𝑖𝑖 𝐸𝐸 0
𝑡𝑡 =

2𝜂𝜂2
𝜂𝜂2 + 𝜂𝜂1

𝐸𝐸 0
𝑖𝑖 = 𝜏𝜏𝐸𝐸 0

𝑖𝑖 
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Normal Incidence

Γ =
𝐸𝐸 0
𝑟𝑟 

𝐸𝐸 0
𝑖𝑖 =

𝜂𝜂2 − 𝜂𝜂1
𝜂𝜂2 + 𝜂𝜂1

𝜏𝜏 =
𝐸𝐸 0
𝑡𝑡 

𝐸𝐸 0
𝑖𝑖 =

2𝜂𝜂2
𝜂𝜂2 + 𝜂𝜂1

Reflection coefficient

Transmission coefficient

Γ, 𝜏𝜏 may be complex for conductive media

𝜏𝜏 = 1 + Γ (normal incidence)

For non-magnetic media, 𝜂𝜂1 =
𝜂𝜂0
𝜖𝜖𝑟𝑟𝑟

𝜂𝜂2 =
𝜂𝜂0
𝜖𝜖𝑟𝑟𝑟

Free space impedance

Similar form as for 
transmission lines
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Transmission Line Analogue

Γ =
𝑍𝑍02 − 𝑍𝑍01
𝑍𝑍02 + 𝑍𝑍01

Γ =
𝑍𝑍𝐿𝐿 − 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0

From TL:

For infinite line lossless TL input impedance is the characteristic impedance: 

𝜏𝜏 = 1 + Γ
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Transmission Line Analogue – normal incidence

�𝑬𝑬𝟏𝟏 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0
𝑖𝑖 (𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 + Γ𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧)

�𝑯𝑯𝟏𝟏 𝑧𝑧 = �𝑦𝑦 𝐸𝐸 0
𝑖𝑖 

𝜂𝜂1
(𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 − Γ 𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧)

�𝑬𝑬𝟐𝟐 𝑧𝑧 = �𝑥𝑥𝜏𝜏𝐸𝐸 0
𝑖𝑖 𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧

�𝑯𝑯𝟐𝟐 𝑧𝑧 = �𝑦𝑦𝜏𝜏
𝐸𝐸 0
𝑖𝑖 

𝜂𝜂2
𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧

�𝑉𝑉1 𝑧𝑧 = 𝑉𝑉0+(𝑒𝑒−𝑗𝑗𝛽𝛽1𝑧𝑧 + Γ𝑒𝑒𝑗𝑗𝛽𝛽1𝑧𝑧)

𝐼𝐼1 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍01
(𝑒𝑒−𝑗𝑗𝛽𝛽1𝑧𝑧 − Γ𝑒𝑒𝑗𝑗𝛽𝛽1𝑧𝑧)

𝐼𝐼2 𝑧𝑧 =
𝜏𝜏𝑉𝑉0+

𝑍𝑍02
(𝑒𝑒−𝑗𝑗𝛽𝛽2𝑧𝑧)

�𝑉𝑉 2 𝑧𝑧 = 𝜏𝜏𝑉𝑉0+(𝑒𝑒−𝑗𝑗𝛽𝛽2𝑧𝑧)

Γ =
𝑍𝑍02 − 𝑍𝑍01
𝑍𝑍02 + 𝑍𝑍01

𝜏𝜏 = 1 + Γ

𝛽𝛽1 = ω 𝜇𝜇1𝜖𝜖1 𝛽𝛽2 = ω 𝜇𝜇2𝜖𝜖2
ω
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Transmission Line Analogue

Standing wave ratio: incident + reflected waves 𝑆𝑆 =
�𝐸𝐸1 𝑚𝑚𝑚𝑚𝑚𝑚
�𝐸𝐸1 𝑚𝑚𝑚𝑚𝑚𝑚

=
1 + Γ
1 − Γ

If 2 media have equal 𝜂𝜂1 = 𝜂𝜂2 Γ = 0, 𝑆𝑆 = 1

If medium #2 is perfect conductor: Γ = −1, 𝑆𝑆 = ∞𝜂𝜂2 = 0 
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Transmission Line Analogue - summary
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Power Flow

Medium 1: 𝑆𝑆𝑎𝑎𝑣𝑣1(𝑧𝑧) =
1
2
𝑅𝑅𝑅𝑅 �𝐸𝐸1(𝑧𝑧) × �𝐻𝐻1∗(𝑧𝑧)

𝑆𝑆𝑎𝑎𝑣𝑣1(𝑧𝑧) =
1
2𝑅𝑅𝑅𝑅 �𝑥𝑥𝐸𝐸 0

𝑖𝑖 (𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 + Γ𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧) × �𝑦𝑦
𝐸𝐸 0
𝑖𝑖 ∗

𝜂𝜂1
(𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧 − Γ∗𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧)

𝑆𝑆𝑎𝑎𝑣𝑣1(𝑧𝑧) = 𝑧̂𝑧
|𝐸𝐸 0

𝑖𝑖 |2

2𝜂𝜂1
(1 − Γ 2)

𝑆𝑆𝑎𝑎𝑣𝑣1 = 𝑆𝑆𝑎𝑎𝑣𝑣 
𝑖𝑖 + 𝑆𝑆𝑎𝑎𝑣𝑣 

𝑟𝑟
𝑆𝑆𝑎𝑎𝑣𝑣 
𝑖𝑖 = 𝑧̂𝑧

|𝐸𝐸 0
𝑖𝑖 |2

2𝜂𝜂1

𝑆𝑆𝑎𝑎𝑣𝑣 
𝑟𝑟 = −𝑧̂𝑧 Γ 2 |𝐸𝐸 0

𝑖𝑖 |2

2𝜂𝜂1

𝑆𝑆𝑎𝑎𝑣𝑣 
𝑟𝑟 = − Γ 2𝑆𝑆𝑎𝑎𝑣𝑣 

𝑖𝑖
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Power Flow

Γ → real for lossless, can be complex for conducting

𝑆𝑆𝑎𝑎𝑣𝑣2 𝑧𝑧 =
1
2
𝑅𝑅𝑅𝑅 �𝑥𝑥𝜏𝜏𝐸𝐸 0

𝑖𝑖 𝑒𝑒−𝑗𝑗𝑘𝑘2𝑧𝑧 × �𝑦𝑦𝜏𝜏∗
𝐸𝐸 0
𝑖𝑖∗ 

𝜂𝜂2
𝑒𝑒𝑗𝑗𝑘𝑘2𝑧𝑧 = 𝑧̂𝑧 𝜏𝜏 2 |𝐸𝐸 0

𝑖𝑖 |2

2𝜂𝜂2

Medium 2:

𝜏𝜏 = 1 + Γ

𝑆𝑆𝑎𝑎𝑣𝑣1(𝑧𝑧) = 𝑧̂𝑧
|𝐸𝐸 0

𝑖𝑖 |2

2𝜂𝜂1
(1 − Γ 2)
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Radar Radome Design

Aircraft uses 10 GHz radar – narrow beam scanning (or gimbal glass) 
– behind dielectric radome

Assume radome is planar

Design thickness of radome so that it is completely transparent to radar
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𝜖𝜖𝑟𝑟 = 9, 𝜇𝜇𝑟𝑟 = 1 needs to be d > 2.3cm to 
be structurally sound

Medium 1 = air, 𝜂𝜂0 
Medium 2 = radome, 𝜂𝜂𝑟𝑟 (thickness d) 
Medium 3 = air, 𝜂𝜂0 

z=0  at back surface of radome 

Radar Radome Design
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𝜖𝜖𝑟𝑟 = 9, 𝜇𝜇𝑟𝑟 = 1

z=0  at back surface of radome 

Radar Radome Design

Equivalent TL model
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To achieve “transparent” to radar, need Γ = 0 at 𝑧𝑧 = −𝑑𝑑

𝑍𝑍𝐿𝐿 = 𝜂𝜂0

When radome thickness is an integer multiple of  𝜆𝜆
2
 

Radar Radome Design

How do we get Γ = 0?

Because medium 3 is air 

𝑍𝑍𝑖𝑖𝑖𝑖(𝑎𝑎𝑎𝑎 𝑧𝑧 = −𝑑𝑑) = 𝜂𝜂0

Why?

if

How do we get 𝑍𝑍𝑖𝑖𝑖𝑖 = 𝜂𝜂0 
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Need half-wave 𝜆𝜆
2
 transformer: 𝑍𝑍𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜 line, length 𝑙𝑙 = 𝑛𝑛

𝜆𝜆
2

 , (𝑛𝑛 = 0,1,2, … )

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍𝐿𝐿

𝑑𝑑 = 𝑙𝑙 halfwave = 𝑛𝑛
𝜆𝜆2
2

Wavelength in 
medium 2

At 10 GHz, 𝜆𝜆0 = 𝑐𝑐
𝑓𝑓

= 3𝑐𝑐𝑐𝑐 𝜆𝜆2 = 𝜆𝜆0
𝜖𝜖𝑟𝑟

= 3𝑐𝑐𝑐𝑐
3

= 1𝑐𝑐𝑐𝑐

We choose: 𝑑𝑑 = 5
𝜆𝜆2
2 = 2.5𝑐𝑐𝑐𝑐

Radome is non-reflecting, transparent and structurally stable

From transmission lines, since Media 1 and 3 are the same (air), no net 
reflection will occur at z = ‒d if the radome thickness is an integer  multiple of  𝜆𝜆

2
 

Radar Radome Design

needs to be d > 2.3cm to 
be structurally sound
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Boundary between lossy media

Lossy medium: (𝜖𝜖 , 𝜇𝜇, 𝜎𝜎) constitutive parameters

𝛾𝛾 = 𝛼𝛼 + 𝑗𝑗𝑗𝑗

𝛼𝛼 = 𝜔𝜔
𝜇𝜇𝜖𝜖′

2 1 +
𝜖𝜖′′

𝜖𝜖′

2

− 1

1/2

𝛽𝛽 = 𝜔𝜔
𝜇𝜇𝜖𝜖′

2 1 +
𝜖𝜖′′

𝜖𝜖′

2

+ 1

1/2

𝜂𝜂𝑐𝑐 =
𝜇𝜇
𝜖𝜖𝑐𝑐

=
𝜇𝜇
𝜖𝜖′ 1 − 𝑗𝑗

𝜖𝜖′′

𝜖𝜖′

−1/2

 With special cases – low loss, good conductors
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Fields in medium 1

�𝐸𝐸1 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0
𝑖𝑖 (𝑒𝑒−𝛾𝛾1𝑧𝑧 + Γ𝑒𝑒𝛾𝛾1𝑧𝑧)

𝑗𝑗𝑘𝑘 → 𝛾𝛾, 𝜂𝜂 → 𝜂𝜂𝑐𝑐

�𝐻𝐻1 𝑧𝑧 = �𝑦𝑦
𝐸𝐸 0
𝑖𝑖 

𝜂𝜂𝑐𝑐1
(𝑒𝑒−𝛾𝛾1𝑧𝑧 − Γ𝑒𝑒𝛾𝛾1𝑧𝑧)

Medium 2

�𝐸𝐸2 𝑧𝑧 = �𝑥𝑥𝜏𝜏𝐸𝐸 0
𝑖𝑖 𝑒𝑒−𝛾𝛾2𝑧𝑧 �𝐻𝐻2 𝑧𝑧 = �𝑦𝑦𝜏𝜏

𝐸𝐸 0
𝑖𝑖 

𝜂𝜂𝑐𝑐2
𝑒𝑒−𝛾𝛾2𝑧𝑧

𝛾𝛾1 = 𝛼𝛼1 + 𝑗𝑗𝛽𝛽1 𝛾𝛾2 = 𝛼𝛼2 + 𝑗𝑗𝛽𝛽2

Γ =
𝜂𝜂𝑐𝑐2 − 𝜂𝜂𝑐𝑐1
𝜂𝜂𝑐𝑐2 + 𝜂𝜂𝑐𝑐1

𝜏𝜏 = 1 + Γ =
2𝜂𝜂𝑐𝑐2

𝜂𝜂𝑐𝑐2 + 𝜂𝜂𝑐𝑐1
Γ, 𝜏𝜏  complex 

Boundary between lossy media
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Normal incidence on metal

1 GHz, �𝑥𝑥 polarized plane wave, travelling in +𝑧̂𝑧 direction from air to copper surface 

Incident electric field amplitude = 12 mV/m

Obtain instantaneous 𝐸𝐸1 𝑧𝑧, 𝑡𝑡 ,𝐻𝐻1 𝑧𝑧, 𝑡𝑡  in the air medium. 
Assume copper is several 𝛿𝛿𝑠𝑠 deep

𝜖𝜖𝑟𝑟 = 1, 𝜇𝜇𝑟𝑟 = 1,𝜎𝜎 = 5.8 × 107𝑆𝑆/𝑚𝑚copper:
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Normal incidence on metal

1 GHz, �𝑥𝑥 polarized plane wave, travelling in +𝑧̂𝑧 direction from air to copper surface 

𝜖𝜖𝑟𝑟 = 1, 𝜇𝜇𝑟𝑟 = 1,𝜎𝜎 = 5.8 × 107𝑆𝑆/𝑚𝑚

Electric field amplitude = 12 mV/m

In medium 1 (air): 𝛼𝛼 = 0

𝛽𝛽 = 𝑘𝑘1 =
𝜔𝜔
𝑐𝑐 =

2𝜋𝜋 × 109

3 × 108 =
20𝜋𝜋

3  𝑟𝑟𝑟𝑟𝑟𝑟/𝑚𝑚

𝜂𝜂1 = 𝜂𝜂0 = 377Ω 𝜆𝜆 =
2𝜋𝜋
𝑘𝑘1

= 0.3𝑚𝑚

Medium 2 (copper): 𝜎𝜎 = 5.8 × 107𝑆𝑆/𝑚𝑚 f =1 GHz 𝜖𝜖𝑟𝑟 = 1

𝜖𝜖′′

𝜖𝜖′ =
𝜎𝜎

ω𝜖𝜖𝑟𝑟𝜖𝜖0
=

5.8 × 107

(2𝜋𝜋 × 109)(10−9/36𝜋𝜋) = 1 × 109 ≫ 1 → excellent conductor
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𝛼𝛼 = 𝜋𝜋𝑓𝑓𝑓𝑓𝑓𝑓

𝛽𝛽 = 𝛼𝛼 = 𝜋𝜋𝑓𝑓𝑓𝑓𝑓𝑓

𝜂𝜂𝑐𝑐 = 1 + 𝑗𝑗
𝛼𝛼
𝜎𝜎

Good conductor approximation

𝜂𝜂𝑐𝑐2 = 1 + 𝑗𝑗
𝜋𝜋𝑓𝑓𝑓𝑓
𝜎𝜎 = 1 + 𝑗𝑗

𝜋𝜋 × 109× 4𝜋𝜋 × 10−7

5.8 × 107 = 8.25 1 + 𝑗𝑗  [𝑚𝑚Ω]

This is very small compared to 𝜂𝜂𝑐𝑐1(air)= 377Ω

 Copper acts like short circuit

Γ =
𝜂𝜂𝑐𝑐2 − 𝜂𝜂0
𝜂𝜂𝑐𝑐2 + 𝜂𝜂0

≈ −1

Normal incidence on metal
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We can approximate Γ = −1 (like short circuit) 

�𝐸𝐸1 𝑧𝑧 = �𝑥𝑥𝐸𝐸 0
𝑖𝑖 (𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 − 𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧) �𝐸𝐸1 𝑧𝑧 = −�𝑥𝑥𝑗𝑗𝑗𝐸𝐸 0

𝑖𝑖 sin(𝑘𝑘1z)

�𝐻𝐻1 𝑧𝑧 = �𝑦𝑦
𝐸𝐸 0
𝑖𝑖 

𝜂𝜂1
(𝑒𝑒−𝑗𝑗𝑘𝑘1𝑧𝑧 + 𝑒𝑒𝑗𝑗𝑘𝑘1𝑧𝑧) �𝐻𝐻1 𝑧𝑧 = �𝑦𝑦

2𝐸𝐸 0
𝑖𝑖 

𝜂𝜂1
cos(𝑘𝑘1z)

With 𝐸𝐸 0
𝑖𝑖 = 12 𝑚𝑚𝑚𝑚

𝑚𝑚
 

�𝐸𝐸1 𝑧𝑧, 𝑡𝑡 = 𝑅𝑅𝑅𝑅 �𝐸𝐸1 𝑧𝑧 𝑒𝑒𝑗𝑗𝜔𝜔𝑡𝑡 = �𝑥𝑥2𝐸𝐸 0
𝑖𝑖 sin 𝑘𝑘1z sin(𝜔𝜔t)

�𝐸𝐸1 𝑧𝑧, 𝑡𝑡 = �𝑥𝑥24 sin
20𝜋𝜋

3 z sin 2𝜋𝜋 × 109t
mV
m

�𝐻𝐻1 𝑧𝑧 = 𝑅𝑅𝑅𝑅 �𝐻𝐻1 𝑧𝑧 𝑒𝑒𝑗𝑗𝜔𝜔𝜔𝜔 = �𝑦𝑦
2𝐸𝐸 0

𝑖𝑖 

𝜂𝜂𝑐𝑐1
cos 𝑘𝑘1z cos(𝜔𝜔t)

�𝐻𝐻1 𝑧𝑧 = �𝑦𝑦64 cos
20𝜋𝜋

3 z cos 2𝜋𝜋 × 109t
𝜇𝜇𝐴𝐴
m

Normal incidence on metal
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𝐸𝐸1 𝑧𝑧, 𝑡𝑡  𝑎𝑎𝑎𝑎𝑎𝑎 𝐻𝐻1 𝑧𝑧, 𝑡𝑡   90 degrees phase shift

Normal incidence on metal
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Course Project

Part 3: Monday May 5: Final Project Presentations (40%) 
Each team will have a slot for presentation on their projects, each member 
must speak for 5min. An additional 3min at the beginning of the presentation 
should be dedicated to the introduction of the topic and sub-topics. An 
additional 3min at the end will be used for questions and discussion.

Part 4: DUE Friday May 9 (30%) 
Submit paper on the specific task, including quantitative analysis. The papers 
will be prepared and submitted individually by every student, however team 
discussion is appropriate. Papers are limited to 6 pages inclusive of figures 
(references are not counted in the 6 pages).

Wed April 23 – Class will be Projects Workshop
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